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Abstract 

In this paper we analyze the vacuum polarization effects of a mass¬ 
less scalar field in the background of a global monopole considering 
a inner structure to it. Specifically we investigate the effect of its 
structure on the vacuum expectation value of the square of the held 
operator, (<f> 2 (x)), admitting a non-minimal coupling between the field 
with the geometry: Also we calculate the corrections on the 

vacuum expectation value of the energy-momentum tensor, (TR), due 
to the inner structure of the monopole. In order to develop these anal¬ 
ysis, we calculate the Euclidean Green function associated with the 
system for points in the region outside the core. As we shall see, for 
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specific value of the coupling parameter £, the corrections caused by 
the inner structure of the monopole can provide relevant contributions 
on these vacuum polarizations. 

PACS numbers: 98.80 .Cq, 11.10 .Gh, 11.15-Ex. 
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1 Introduction 

A global monopole is a topological defect produced in the phase transition of 
a system composed of a self-coupling scalar field triplet, </?“, whose original 
global 0(3) symmetry is spontaneously broken to 0(1). The scalar matter 
held plays the role of an order parameter which outside the the monopole’s 
core acquire a nonvanishing value. The simplest model which gives rise to a 
global monopole is described by the Lagrangian density below, and has been 
analyzed by Barriola end Vilenkin J] : 

£ = - >> 2 ) 2 ■ (1) 
The ansatz adopted to find monopole configuration is 

<P a (x) =vf(r)y , (2) 

with x a x a = r 2 . 

The most general static metric tensor with spherical symmetry can be 
written as 


ds 2 = —B(r)dt 2 + A[r)dr 2 + r 2 (d0 2 + sin 2 0 deft 2 ) . (3) 

The Euler-Lagrange equation for the held /(r) in the metric (JBJ) is 
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where the prime denotes dif ferentiation with respect to r. The energy- 
momentum tensor associated with the matter held is given by 
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The solutions to the scalar and gravitational helds can be obtained by 
using the above energy-momentum tensor as source of the Einstein equation, 
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together with ©• However, unfortunately it is not possible to obtain ex¬ 
act analytical solutions to the complete set of non-linear coupled differential 
equations. Only numerical methods can provide solutions [2] . 1 

Analytical approximated solutions can be obtained in the region outside 
the monopole’s core. It can be observed that in this region / ~ 1, and the 
energy-momentum tensor can be approximated by 
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As we can see global monopoles are spherically symmetric topological de¬ 
fects. They have been probably produced in early Universe due to a phase 
transition. As we shall see, asymptotically global monopoles present no New¬ 
tonian gravitational potential; however they give enormous tidal acceleration 
a ~ 1/r 2 which is important from the cosmological point of view, and may 
be used for obtaining upper limit on their number density present in the 
Universe today, which is at most one in the local group of galaxy j5|. These 
objects have been investigated in the context of cosmology to explain the 
formation of large structure in the Universe [Hj. Global monopoles present 
linear divergent energy strongly provided by the Higgs fields, ip a (x ), which 
has to be cut-off at certain distance 2 . Moreover, global monopoles have also 
investigated in the context of brane-world. The monopole has its core at the 
(3 + 1)—dimensional brane and the Higgs fields in a n — 3 extra dimensions 

El 13- 

Coupling the energy-momentum tensor associated with the global monopole 
system, with the Einstein equations, solutions to the components of the 
metric tensor can be obtained. They are given below by the following line 
element: 


ds 2 



2 GM 
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dt 2 + 



2 GM 
r 


dr 2 + r 2 dQ 2 , 
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where a 2 = 1 — 87iGr] 2 < 1, and M a constant of integration. For points very 
far from the monopole center, or simply discarding the integration constant, 

lr The numerical analysis of similar set of differential equations for the composite 
monopole system, i.e., a system composed by global and magnetic monopoles, have been 
developed in 0. 

2 The total energy inside a spherical region of radius R is E{R) ss AitGrpR. Considering 
R the typical radius of a galaxy, R = 15 Kpc and for symmetry breaking scale ij ~ 
10 16 Gev , which is the value for grand unified theories, this total energy is approximately 
ten times the mass of the galaxy. 
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the above expression can be written by 


ds 2 = —a 2 dt 2 H-- + r 2 dVt 2 . (8) 

cr 

Harari and Lousto [Sj, presented a solution to the gravitational fields 
considering a simplified model to the monopole which displays the main 
features associated with this object. The authors model the monopole by a 
false vacuum in the region inside its core, i.e., / = 0 for r < 5, and by a true 
vacuum, / = 1, in the region outside the monopole. So according to this 
model in the region inside, the solutions to the metric tensor is given by the 
following line element 

ds 2 = - (l - H 2 r 2 ) dt 2 + (l - H 2 r 2 ) _1 dr 2 + r 2 dQ 2 , (9) 

where 

U 2 2 tt GXrf 
3 

and in the region outside the monopole’s core the metric tensor is given by 
0. Harari and Lousto also have pointed out that the inner de Sitter solution 
can match the exterior solution without the necessity to include an infinitely 
thin shell at the boundary, provided the mass, M, and the radius, S, of the 
monopole satisfy the conditions: 
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This negative value to the monopole mass does not violate the positive mass 
theorem because the spacetime is not asymptotically flat. So the gravita¬ 
tional mass does not coincide with the ADM mass J9]. 

The quantum analysis of the motions of massless fields in the spacetime 
described by the line clement given by (JBJ), have been developed for scalar 
Pi and fermionic HH fields. In these publications the vacuum polariza¬ 
tion effects due to these fields have been explicitly calculated. Specifically 
to the scalar field, Mazzitelli and Lousto have calculated the renormalized 
vacuum expectation value of the square of the field, (4> 2 (x))n en , and furnish, 
by dimensional analysis, the general structure of the renormalized vacuum 
expectation value of the energy-momentum tensor, (T^x)) R en . The authors 
have found that 
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So both polarization effects present divergences at r = 0. The origin of 
these singularities resides in considering the monopole as been a point-like 
object. Because it is not expected this kind of problem in a realistic model 
to a global monopole, a procedure that can be adopted to avoid it, is to 
consider the monopole as having a non-vanishing radius and consequently a 
inner structure. 

Motivated by this idea, we decided to return to the calculation of the vac¬ 
uum polarization effects due to a massless scalar field in the global monopole 
spacetime considering at this time a non-vanishing radius to the latter. More¬ 
over is also our objective estimate the effect of the monopole’s core on the 
vacuum polarization in the region outside the monopole. In order to develop 
this analysis we shall calculate the Euclidean Green function associated with 
this physical situation. Because the calculation of this Green function in 
the geometry described by 0 cannot be written in a closed form, we shall 
consider the solution (JHJ) for describing the exterior geometry. In this case, 
because the interior and exterior solutions cannot be smoothly matched, it 
necessary to include a surface layer at the boundary. In the thin wall approx¬ 
imation, the energy-momentum tensor associated with the layer is propor¬ 
tional to a delta-Dirac distribution concentrated on a surface. The analysis 
of the motion of a non static wall in the global monopole system has been 
analyzed a few years ago in mm- In this present analysis we shall consider 
the wall being static. 

There are many methods to calculate the energy-momentum tensor asso¬ 
ciated with the infinitely thin wall mm- Here we shall adopt the distri¬ 
butional one EE which is equivalent to the presented by Darmois T|j and 
Israel S3- The interior and exterior metric to the wall must be continuous 
everywhere, however their derivative with respect the radial coordinate may 
be discontinuous. For this present case the thin wall must be a spherical sur¬ 
face of radius ro concentric with the monopole’s core. So the metric tensor 
can be written in the following form: 

= g$Q(r ~ r o) + g$Q(r o - r) , (13) 

with ghB and g^J being the exterior and interior metric tensors, respectively, 
and 0 the step function. The energy-momentum tensor associated with the 
wall can be obtained by using the Einstein equation. We can express the 
energy-momentum tensor in whole space by: 

= T«(x)0(r - ro) + T^\x)e(r 0 - r) + T$(x)5(r - r„) , (14) 
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where the last term on the right hand side of the above equation corresponds 
to the contribution coming from the wall. Calculating the Einstein tensor to 
the whole space by using m , we obtain that this tensor associated with the 
wall is given by terms proportional to delta-Dirac function, as shown bellow: 

G^ (0) = r o H 2 diag(0, 0,1, l)<5(r - r 0 ) , (15) 

being r 0 = ^|. So, using the Einstein equation we find 

T H {0) (x) = ^^V 3 diag( 0, 0,1,1) . (16) 

We can also write the Ricci scalar to the whole space 

lZ(x) = 127/ 2 @(r 0 — r ) + ^ a ^ Q(r — r 0 ) — r] 3 S(r — r 0 ) . (17) 

r z 6 

This paper is organized as follow. In section 2 we explicitly calculate the 
Euclidean Green function associated with a massless scalar quantum held 
in the region outside the global monopole’s core admitting a non-minimal 
coupling between the scalar held with the geometry: £774> 2 . We show that 
this Green function presents two parts: The hrst is the usual one associate 
with a point-like global monopole spacetime. The second is consequence of 
a nonvanishing structure admitted to the monopole’s core. In section 3 we 
calculate the renormalized vacuum expectation value ($ 2 (a;)) in a complete 
form. We show that besides the standard result obtained to this expecta¬ 
tion value, there appears a new contribution, the correction, consequence 
of assuming a non-vanishing value to the monopole’s core. We also show 
that this quantity can be estimated in a approximate way. In general the 
correction decreases very fast with the distance to the monopole; however 
we show that for specific value of the non-minimal coupling constant, £, it 
presents a long-range effect. In section 4 we present the formal expression to 
the renormalized vacuum expectation value of the energy-momentum tensor, 
(T^^x)), and explicitly calculate the correction due to the inner structure 
of the monopole. We leave for section 5 our conclusions and most relevant 
remarks about this paper. 
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2 Calculation of the Euclidean Green Func¬ 
tion 


The Euclidean Green function associated with a massless scalar field in the 
spacetime produced by a point-like global monopole, i.e., a spacetime whose 
geometry is described by the metric tensor given in (JSJ) for the whole space, 
has been calculated by Mazzitclli and Lousto a few years ago D2J There the 
Green function was obtained admitting a non-vanishing coupling between 
the field and the scalar curvature, 1Z = 2(1 — a 2 )/r 2 . 

In this section we want to improve this result calculating the Green func¬ 
tion admitting a non-trivial structure to the monopole, and for points outside 
to its core. As we have already mentioned, our development will consider the 
spacetime described by two distinct metric tensor, given by ® for the region 
inside to the monopole and by ( 0 ) for the region outside to it. 

The Green function associated with a massless scalar field with a non- 
minimal coupling with the geometry must obey the non-homogeneous second- 
order differential equation 


7 ^ 


VVw'“'3J - £11 G(x,x) = -S m (x,x') . 


(18) 


In order to calculate the vacuum average of the square of the scalar field 
and the energy-momentum tensor, let us construct the Euclidean version of 
the Green function by performing a Wick rotation on the time coordinate, 
i.e., t —> ir. Doing this and taking into account the components of the metric 
tensor considered in the regions inside © and outside (JHJ) of the monopole 
we get 


{ 1 < 9 2 r) 1 eft 1 

+ A ^)-Q- r + JO ^ “ 12 ~ S' 11 ] ^ = _ ^ (4) (X ’ 

where 

/ = -goo = (1 - H 2 R 2 )G(r 0 -r) + a 2 0(r - r 0 ) , (20) 

h = 9n = ^ _ ff 2 fl2) e ( r o ~ r ) + ^ Q ( r - r o) ( 21 ) 


and 








Due to the spherical symmetry presented by this system, the Euclidean 
Green function can be written as 


OO l 


G(x,x') = —£ £ 

z/l 1=0 m=—l ■ 


dEe -mr-T') gii r, r')y,;(«', 0) . (23) 


Substituting d2SD into m and using the standard representations to the 
5 —function in coordinates r, 0 and 9, we arrive to the following differential 
equation for the unknown radial function gi(r,r'): 
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All the informations about the inner structure of the monopole are con¬ 
tained in gi(r, r'). This function must obey specific properties. Let us define 
by gf(r, r') the solution of (HHj) regular at r —> 0, and by gf (r, r') the solution 
that vanishes at infinity. These two functions satisfy the continuity condition 
at r = r', with their first derivatives discontinuous at this point. 

Because it is our interest to calculate the vacuum polarization effect in 
the region outside the monopole’s core, we have to solve d2H) considering 
both r and r' greater than r 0 . The solution to gf (r, r / ) must be continuous 
at r = r 0 ; however, because the curvature scalar possess a term proportional 
to 8(t — r 0 ), its first derivative is discontinuous at r = r 0 . 

So after these brief explanation about our procedure, let us now consider 
the solution of (El with r and r' greater than r 0 . In order to obtain the 
inner solution g<(r,r'), we should consider two regions separately: from 0 to 
ro and from r o to r . Integrating in the region r < r', we find: 


gf( r i r ') = 


AiRi(r)i 

b + I "l (+) + Clj-K n (f r) , 


for r < r 0 
for r 0 < r < r', 


where 


being 


R^r) = r\H \ 2 - \) E ' H 2 F x (e h a h ft-H\ 2 ) , 
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(30) 


In all the above expressions, 2 -^i represents the hypergeometric function. 
The outer solution of (PD is given by 


fifi'ryr ) = Di^-K Vl l^-r 


\fr 


of 


for r > r'. 


(31) 


All the above constants are determined by imposing the boundary condi¬ 
tions obeyed by gf and gf at r = r'. Substituting the obtained results, we 
can write the function gi as shown below: 


9l(r,r') 
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being 1Z ^ = — 87rG ^^ r/ 3 . In the above equations r > (r < ) is the larger (smaller) 
value between r and r', and the prime denotes the derivative with respect to 
the radial coordinates. 

Substituting (ft?!) into (El, and performing some intermediate steps, the 
Euclidean Green function is expressed by 


G(x, x') 


with 
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and 7 satisfying the the well known relation with the original angles ( 9 , <p ) 
and (0 , ,0 / ). Qa and K\ are the Legendre and modified Bessel functions, 
respectively. We can observe that the first term in (13411 corresponds to the 
Green function obtained in in to the point-like global monopole spacetime, 
while the second one presents, besides a dependence on the a parameter, a 
dependence on the radius r 0 through the coefficient 

Now having the Green function we can calculate vacuum polarization 
effects of a massless scalar field in this spacetime. 


3 The Computation of (<£>^(a;))_R en . 


In this section we calculate the renormalized vacuum expectation value of the 
square of the scalar field operator in the global monopole spacetime consid¬ 
ering a inner structure to it. As we shall see this expectation value contains 
two contributions. The first one depends exclusively on the a parameter 
that we name regular , and the second, the correction, presents an explicit 
dependence on the radius of the monopole’s core r 0 . (The first contribution 
vanishes in the limit a —> 1 , while the second vanishes in the limit r 0 —> 0 .) 

The vacuum expectation value of the square of the scalar field is formally 
expressed by taking the coincidence limit of the Green function as shown 
below 

(<f> 2 (:r)) = lim G(x,x') . (36) 

x'^x 

ffowever the above procedure provides a divergent result which comes 
exclusively from the first term of (USD which is proportional to the behavior 
of the Legendre function evaluated at unity. So, in order to obtain a finite and 
well defined result to (<f> 2 (:r)), we must apply some regularization procedure, 
ffere we adopt the renormalization procedure given in d: we subtract from 
the complete Green function the Hadamard function. So the renormalized 
vacuum expectation value of the square of the scalar field is given by 

(<l 2 (x)) Ren . = lim [G(x,x') — G h (x,x')\ , (37) 

x'^x 


where Gh{x, x') is the ffadamard function. Adopting this procedure and 
after some intermediate steps Pi we find the following result: 


($ 2 (x)) Ren . = ($ 2 (x)) Reg . 
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In their paper, Mazzitelli and Lousto um have computed, up to the first 
order in the parameter if = 1 — a 2 considered smaller than unity, the first 


term of 


The value obtained by these authors is 


<$ 2 (*) w = 


1 } 


47r 2 r 2 


(Po ~ Pi ) 

2\/2 


+ u 


In (fir) 


(39) 


where p 0 ~ —0.39 and p\ ~ —1.41. Because fi is completely arbitrary cutoff 
scale there is an ambiguity in the definition of the renormalized vacuum 
expectation value above. 

We can see that (jSHD depends on the distance from the global monopole 
in a completely different manner compare to the case of an infinitely thin 
cosmic string spacetime due to the presence of the logarithmic term. The 
second contribution of (jHHj) is due to the nonvanishing value assumed to the 
monopole’s radius. Allen at al ra have calculated the vacuum polarization 
effect of a massless scalar field on a realistic cosmic string spacetime, con¬ 
sidering generically the effect of the string’s core through the non-minimal 
coupling between the scalar field with the geometry. There the authors found 
that the renormalized vacuum expectation value of the square of the field also 
presents two distinct contributions: the first being the standard one found 
in the literature, and the second, the correction, coming from the non-zero 
core radius of the string. Although being very small the radius of the cosmic 
string’s core, the term of the correction associated with the n = 0 compo¬ 
nent of the azimuthal quantum number, presents a long-range effect. This 
term decays very slowly with the distance to the cosmic string and can be 
approximated expressed by a term proportional to l/r 2 ln(gr). 

Here the correction of CT also cannot be expressed in a closed form. 
It is given in terms of an infinity sum of not solvable integrals. The com¬ 
plete information about this contribution can only be obtained numerically 
specifying the ration ro/r, which we shall consider much smaller than unity. 
However, like in the paper ea, an approximate behavior to the correction 
can be exhibited if we analyse the integrand of ©• Near the the origin 
Qi(Er 0 ) behaves as ( Er 0 ) 2vi , and K Ul (Er / a 2 ) as ( Er)~ Vl . Consequently the 
product 


QfErfKffEr/a 2 ) « (r 0 /r) 2 ^ « 1 . 

For Er 0 » 1, Qi(Er 0 ) « e 2Er ° / \/2Er 0 and K Vl ( Er/a 2 ) ~ e~ Er / a2 / ^2Er/a 2 . 
In this region we have 

QfEro)K 2 t (Er/a 2 ) « e -2&V« 2 (i-« 2 n,A) 0 . 
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All these informations indicate that we may approximate the integrand of 
(EBP by assuming to the coefficient Qi(Er 0 ) its first-order expansion. Adopt¬ 
ing this procedure we can write 


^i(Er 0 ) 
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~ f) 

Wl ~ Zi 

Tfa + l)T(^) 
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+ !) 

Wi + Zi_ 


Er 0 \ 2ui 

2a 2 ) ’ 
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where Wi and Zi are given by 


wi = 2Fi(e h ai, fa 1 - a 2 ) 


(41) 


and 


zi = l 2 Fi(ei,ai,f3i ; 1 
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2aei{l - a 2 ) 
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2-^1 (q + 1) ch + 1, A + i; i —a<2 ) > (42) 


with 



y/9 - 48£ 
4 

V9 - 48£ 
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Consequently an approximate expression to EED can be obtained: 


(43) 

(44) 


(4> (x)) Ren . ($ (®))fle fl . + 4r 2 E 2^r(z/,)[r(l + Ui/2)} 2 

(l'l - 3/4 )Wi - / I + 3zy \ 

(ui + 3/A)wi + z t _ V 2 V 

Because r 0 /r is assumed to be smaller than unity, the most relevant cor¬ 
rection comes from the l = 0 component. In this case the extra radial 
dependence of the second term is dominated by (ro/r)^ for £ = 1/8. 

The most significant change in the behavior of the correction of (13811 . 
happens for the case where the order of the modified Bessel function vanishes. 
In principle there is no physical evidence that determine the value of the non- 
minimal coupling constant £. However, for specific value of this constant, 
there appears in this model a long-range effect on the correction. The specific 
value will be given by imposing vi = 0. So for the l = 0 component this value 
is £ = £o = |(1 — (1 — ct 2 ) -1 ). 3 Accepting this special value for the coupling 

3 We may adopt a different value of £ which vanishes vi for l = n > 0, being n a positive 
integer number. However this value will produce complex value for ui for l < n. 
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constant the behavior of the coefficient fl 0 f° r Er 0 smaller than unity changes 
completely. It will be given by 


tt 0 (Er 0 ) 



(46) 


where C — C — w o (zo + 3wo/4) _1 being C the Enler constant. The approx¬ 
imate values to /o and go are obtained from the general expressions given 
before taking l = 0. In this way we have 


3 1 /9 - 3a 2 

4 ~~ 4 V 1 — a 2 


(47) 


and 




3 

4 


1 /9 - 3a 2 
4 V 1 — a 2 


(48) 


As we can see for l ^ 0, fli(Er 0 /a 2 ) decreases at least with (Er 0 /a 2 ) 2ui 
for ( Er 0 /a 2 ) —> 0. So their respective contributions to ( < h 2 (x)) R en . behave as 
(r 0 /r) Ul . On the other hand Vto{Er 0 /a 2 ) decreases slowly with the inverse of 
the logarithm in this limit. Consequently the most relevant contribution to 
the sum in comes from the l = 0 component. This means that we can 
substitute the whole sum by just one term 4 . Let us use a more convenient 
notation to express © 


>»(*)’ 

(49) 

2 r , 

q = —e . 

(50) 


r 0 


The analysis of the behavior of the integrand of assuming the ex¬ 
pression (14911 to h2o can also be developed in a formal way as follows: in the 
region Er much smaller than unity, K 0 (Er/a 2 ) behaves as — In (Er/a 2 ). So 
the product 


fl 0 (Er 0 ) 


K ° (§ r 



4 This result has been confirmed numerically adopting a 


0.9 and r 0 /r = 10 3 . 


(51) 
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Although being divergent the above expression, it can be integrated in the 
neighborhood Er ss 0. For Er much bigger than unity, Qo(Ero) ~ e 2Er ° and 
K 0 (Er/a 2 ) ~ e ~ Er / a . Consequently the product HoA'o goes to zero in this 

limit. 

So the most relevant contribution of the correction to the renormalized 
vacuum expectation value of the square of the operator scalar held is pro¬ 
portional to 



dE 


K 


2 ! E , 


hi 

\ a z q 



r 



dv 


K 2 o(v) 

ln(u) — ln(gr) 


(52) 


As it has been discussed Bruce et al [20] . this approximation presents a 
problem because of the integrand has a pole at v = qr. However, this pole is a 
consequence of the approximation adopted, and it occurs in the region where 
the argument of fl 0 is bigger than unity, consequently the approximation is 
no longer valid. Here, in our calculation, we reached the same conclusion. 
Choosing a = 0.9, the value assumed for C is 0.68. So qr = ^-e~ c is of order 
10 3 for r 0 /r = 10 -3 and Er 0 /a 2 ~ 1. Besides we can observe numerically 
that (1521) can be approximated discarding the term ln(u). 

Supported by this analysis (J52D can be written as 


a 


r ln(gr) Jo 


dv A'q(u) , 


consequently we conclude that the second term of 
by m 

7T 1 


(53) 

can be approximate 


(54) 


16 r 2 ln(gr) 

As we have already discussed our approximation consists to substitute 
the expression (l-EHl) to the coefficient hi (1551) and discard the pole. In 
order to confirm this approximation, we analyzed numerically the integrand 
of the second contribution of m using the exact expression m and the 
approximate one (1551) to the correction. The numerical results are exhibit in 
Fig. 1. 

We finally present the expression below to the renormalized vacuum ex¬ 
pectation value of the square of the held operator in the global monopolc 
spacetime considering a inner structure to it: 


{& 2 ( x ))Ren. = 


7] 


47r 2 r 2 


(Po - ^oPl) 

2^2 


+ (*, - ln(/ir) 


15 










7r 


(55) 


16r 2 In (f^ e_C ) 

As we can see the explicit dependence on the inner structure of the 
monopole appears only in the third term. This term vanishes slowly with 
r —> oo, consequently it is a long-range effect. 



Figure 1: The solid curve represents the integrand of equation (EHD written in 
terms of the new variable v = Er/a 2 considering the complete expression for 
the coefficient f2 0 given by The dashed curve represents the approximate 
integrand given by (1531) including the prefactor. In this numerical analysis 
we have used a = 0.9 and r 0 /r = 10~ 3 . 


4 Computation of {T^) Ren 

The energy-momentum tensor T lw {x) is a bilinear function of the fields, conse¬ 
quently we can calculate its vacuum expectation value, (T IJU (x)), by standard 
method using the Green function [T81 . 

The general structure of the renormalized vacuum expectation value of 
the energy-momentum tensor associated with a massless scalar held in a 
point-like global monopole spacetime has be developed by Mazzitelli and 
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Lousto urn a few years ago. There the authors have shown that this tensor 
can be written as 

{T/u,(x)) Reg = 10 ^ 2, r 4 ~f" B^ ln[ fir)] . (56) 

Although the exact expression to the tensor A^ has not been been explic¬ 
itly calculated yet, its general structure can be provided by imposing that 
(T llu (x))rt e g must be conserved 


^ ) Reg ~ 0 

(57) 

and satisfies the conformal trace anomaly 


K) R eg ~ 

(58) 


for f 

Because the Green function associated with this system presents two dis¬ 
tinct terms, (T gu ) Ren will be expressed by two contributions: 



Ren 


{Tfi^Reg + {T^C , 


(59) 


where {T tw ) Reg is the contribution coming from the point-like global monopole 
spacetime, and (T /iiy )c the contribution coming from the non-vanishing core 
radius of the monopole. Here we present the correction to this expectation 
value, which can be calculated by using the expression below 


(T^c 


lim [(1 - 2 £)S/gS?v>G c {x,x') - ^V u G c (x, x') 

x'—*x 

+ (f - -j) ggv{x)g pa '(x, x')V p V a 'G c {x,x') 
-CG^(x)G c (x, x') - 2 £ 2 g^n(x)G c (x, x')] , 


(60) 


being G gi/ the Einstein tensor and Gc(x,x') the correction of the Green 
function. Because the second contribution to the Green function is finite at 
the coincidence limit, the above calculation can be performed directly. 

Supported by our previous discussion we can infer that the most impor¬ 
tant contribution to (T gi/ )c comes from the l = 0 component of (JSJ). Con¬ 
sidering only the specific situation where the order of the modified Bessel 
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function vanishes, we found the following results: 


(T 00 )c — 


47rr 2 (^° 4 


) / \ / JAr \ 

dEE^Er^KJ — jKA—y 


1 


47rr 3 

1 


& 


i 

16 


a' 

OO 


V a 2 J 

1 r°° / Et 

e 0 (l-« 2 ) / dEn 0 (Er 0 )K 2 0 ( — 

J jo V cr 


47ra 2 r Jo 


dEE 2 tl 0 (Er 0 ) x 




(61) 


(Tn)c = 


167TCK 6 r Jo 


dEE 2 Q 0 (Er 0 ) x 


^-(4& + lK(=l) 


(4£ 0 - 3)A" 2 1 ^ 1 


a ‘J v ' u VaV 

1 /■°o / Sr 

+ 77—m — 20 £o) / dEEQ 0 (Er o)A 0 ( —— 
167ra 4 r^ Jo \ a z 


Kr 

V a 


7ra 2 r 3 


4 - + &(4?o - l) (l-4 

V a z 


64 16 


x 


/■°o / KV 

/ dEQ 0 (Er 0 )K 2 ( — 
Jo V a 


(62) 


and 

(U 2 )c = —LrCUsV = A° (1 ~ q2) r dE(l 0 (Er 0 )Kl (It) . (63) 

sin (0) 7ra 2 r Jo V a J 

Finally substituting © into (EH)-©. and taking into account the pre¬ 
vious discussion to evaluate the integral in the calculation of the vacuum 
expectation value of the square of the scalar held, we obtain: 

A 7TCK 2 

( T A x ))c = 512 (1 _ a 2 ) ln ( gr .) r 4 dw( )( 10 - 3a 2 , 8a 2 - 4, 2a 2 , 2a 2 ) . (64) 


As we can see, the above contribution decreases slowly with the distance 
to the monopole’s core with l/r 4 ln(gr). Because in our approximation we 
have discarded all the other components, it is not surprise that (T^c violates 
the conservation condition. In fact we have shown that this violation vanishes 
for r 0 —*► 0. 
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5 Concluding Remarks 

Previous calculations of the vacuum polarization effects on spacetimes pro¬ 
duced by global monopoles present divergences at the monopoles’ position. 
The origin for these singularities resides in the fact of these objects have 
been considered as point-like ones. Realistic models to global monopoles 
necessarily have to consider a inner structure to them. Unfortunately it is 
not possible to provide the exact behavior of their structure, only numerical 
analysis ca do that. 

The main objective of this paper is to calculate the vacuum polarization 
effects due to a massless scalar held in the global monopole spacetime con¬ 
sidering a inner structure to it. The basic motivation was try to avoid the 
singularities present in the vacuum average of the square of the held and 
also in the energy-momentum tensor at origin. Specifically, in this paper 
we have adopted the following approximated model to the global monopole 
spacetime: we have considered the spacetime as been de Sitter in the region 
inside the monopole’s core, and point-like in the region outside. Moreover, 
our calculations have been developed for points outside the monopole’s core. 
For this model we have shown that the renormalized vacuum expectation 
value of the square of the scalar held presents two distinct contributions: 
the hrst is the usual one found in the literature associated with a point-like 
object, and the second, the correction, is due to its inner structure. We have 
pointed out that for specihc value of the non-minimal coupling constant £, 
the correction presents a long-range effect. We also calculated the correction 
to the renormalized vacuum expectation value of the energy-momentum ten¬ 
sor due to the inner structure to the monopole. As in the previous analysis, 
we show that a long-range effect can also takes place on this quantity. As 
we have seen, for both calculations, (^(a;) 2 ^ and (T”(x))c, the extra radial 
dependences presented by these quantities are equal, and given by l/ln(gr), 
which is smaller than any power of the inverse of r. 

In [20j, Bruce et al have calculated the vacuum polarization effect due to a 
massless scalar held in the spacetime produced by a cosmic string considering 
a general structure to it. The author have observe that besides the standard 
contribution, there appears a correction due to the non-zero core radius of 
the string. They have also shown that the correction has the same magnitude 
as the geometrical contribution up to a distance from the cosmic string that 
exceed the radius of the observable universe. 

If we are inclined to make the same kind of comparison in the global 
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monopole spacetime, between the standard contribution to vacuum polar¬ 
ization effect with the one coming from the correction, we should take into 
consideration that, because this spacetime has a non-vanishing scalar curva¬ 
ture, there appears in these vacuum averages an arbitrary cut-off energy scale 
/i. Consequently considering the case with specific value to the non-minima! 
coupling constant £, the radial distance where both effects have the same 
magnitude should depend on /i. 
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